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ON THE UNIFORMITY OF THE IITAKA FIBRATION
GIANLUCA PACIENZA
Abstrat. We study plurianonial systems on smooth projetive varieties of positive
Kodaira dimension, following the approah of Haon-MKernan, Takayama and Tsuji
suesfully used in the ase of varieties of general type. We prove a uniformity result for
the Iitaka bration X 99K Iitaka(X) of smooth projetive varieties of positive Kodaira
dimension, provided that Iitaka(X) is not uniruled, the variation of the bration is
maximal, and the generi ber has a good minimal model.
1. Introdution
Following Tsuji [Ts1℄ and [Ts2℄, Haon and MKernan [HM℄, and Takayama [T℄ have
independently given an algebro-geometri proof of the following beautiful result:
Theorem 1.1 (Haon-MKernan, Takayama, Tsuji). For any positive integer n, there
exists an integer mn suh that for any smooth omplex projetive variety X of general
type of dimension n, the plurianonial map
ϕmKX : X 99K PH
0(X,OX(mKX))
∗
is birational onto its image, for all m ≥ mn.
The purpose of this paper is to show that the methods used to prove Theorem 1.1 allow
to obtain a similar uniformity result onerning the plurianonial maps of algebrai
varieties of arbitrary (positive) Kodaira dimension.
Before stating the result we need to reall some fats. Thanks to the work of Iitaka,
it is well-known that, if κ(X) > 0, for large m suh that h0(X,mKX) 6= 0 the images
of the rational maps ϕmKX stabilize i.e. they beome birationally equivalent to a ber
spae
ϕ∞ : X∞ −→ Iitaka(X),
suh that the restrition of KX to a very general ber F of ϕ∞ has Kodaira dimension
0 and dim(Iitaka(X)) = κ(X). This bration is alled the Iitaka bration of X (see
2.3 for more details). It is natural to ask (f. [HM, Conjeture 1.7℄) whether the Iitaka
bration of X enjoys a uniformity property as in the ase of varieties of general type.
When κ(X) = 1 suh a result has been proved in [FM, Theorem 6.1℄ with a dependene
on the smallest integer b suh that h0(F, bKF ) = 1, and on the Betti number Bdim(E′)
of a non-singular model E ′ of the over E → F of the general ber F assoiated to
the unique element of |bKF | (when X is a 3-fold with κ(X) = 1 this extra dependene
may be dropped, see [FM, Corollary 6.2℄). Here we generalize the Fujino-Mori result to
arbitrary Kodaira dimension, under extra hypotheses.
Date: November 4, 2018.
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Theorem 1.2. For any positive integers n, b, k, there exists an integer m(n, b, k) > 0
suh that, for any algebrai ber spae f : X → Y , with X and Y smooth projetive
varieties, dim(X) = n, with generi ber F of f of zero Kodaira dimension, and suh
that:
(i) Y is not uniruled;
(ii) f has maximal variation;
(iii) the generi ber F of f has a good minimal model;
(iv) b is the smallest integer suh that h0(F, bKF ) 6= 0, and Bettidim(E′)(E
′) ≤ k,
where E ′ is a non-singular model of the over E → F of the general ber F
assoiated to the unique element of |bKF |;
then the plurianonial map
ϕmKX : X 99K PH
0(X,OX(mKX))
∗
is birationally equivalent to f , for any m ≥ m(n, b, k) suh that h0(X,mKX) 6= 0.
Reall that when F is a surfae, up to a birational transformation, we may assume that
the 12th plurigenus is non-zero and the 2nd Betti number is bounded by 22. Therefore,
when κ(X) = n − 2, the integer m(n, b, k) only depends on n. The existene of good
minimal models is known up to dimension 3 (f. [Ko+℄). On the other hand, ondition
(iii) is automatially satised for interesting lasses of brations, e.g. those for whih
c1(F ) is zero (or torsion).
The idea to prove Theorem 1.2 is quite natural. By the important result proved in
[BDPP℄, the hypothesis (i) in Theorem 1.2 is equivalent to the pseudo-eetivity of the
anonial divisor of Y . Then, a positivity result due to Kawamata (f. [Ka2, Theorem
1.1℄, where the hypotheses (ii) and (iii) of Theorem 1.2 appear), for the (semistable part
of the) diret image of the relative plurianonial sheaf allows to redue the problem to
the study of eetive birationality for multiples of adjoint big divisors KY +M , where
M is a big and nef Q-Cartier divisor suh that νM is integral. The hypothesis (iv) of
Theorem 1.2 is needed to have an eetive bound on the denominator of the Q-divisor
M . Then Theorem 1.2 is a onsequene of the following result, whih we prove using
the tehniques of [HM℄, [T℄, and [Ts1℄, [Ts2℄.
Theorem 1.3. For any positive integers n and ν, there exists an integer mn,ν suh
that for any smooth omplex projetive variety Y of dimension n with pseudo-eetive
anonial divisor, and any big and nef Q-Cartier divisor M on Y suh that νM is
integral, the pluriadjoint map
ϕm(KY +M) : Y 99K PH
0(Y,OY (m(KY +M)))
∗
is birational onto its image, for all m ≥ mn,ν divisible by ν.
As for Theorem 1.1, the methods do not lead to an eetive onstant mn,ν .
During the preparation of this artile E. Viehweg kindly informed me that he and
D.-Q. Zhang were also working on a generalization of the Fujino-Mori result. In their
interesting preprint [VZ℄ they study the Iitaka bration for varieties of Kodaira dimension
2, and obtain in this ase the same uniformity result without the hypotheses (i),(ii) and
(iii) appearing in Theorem 1.2 (and with an eetively omputable onstant). Their
same result, in the ase of three-folds, has been obtained independently by Ringler [R℄.
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2. Preliminaries
We reall a number of basi denitions and results that will be freely used in the
paper.
2.1. Notation and onventions. We work over the eld of omplex numbers. Unless
otherwise speied, a divisor will be integral and Cartier. If D and D′ are Q-divisors on
a smooth variety X we write D ∼Q D
′
, and say that D and D′ are Q-linearly equivalent,
if an integral multiple of D −D′ is linearly equivalent to zero. We write D ≡ D′ when
they are numerially equivalent, that is when they have the same degree on every urve.
The notation D ≤ D′ means that D′ − D is eetive. If D =
∑
aiDi, we denote by
[D] the integral divisor
∑
[ai]Di, where, as usual, [ai] is the largest integer whih is less
than or equal to ai. We denote by {D} the dierene D − [D]. A log-resolution of a
divisor D ⊂ X is a proper birational morphism of smooth varieties µ : X ′ → X , suh
that the support of Exc(µ) + µ∗D has simple normal rossings. The existene of log-
resolutions is insured by Hironaka's theorem. Given a surjetive morphism f : X −→ Y
of smooth algebrai varieties the relative dualizing sheaf is the invertible sheaf assoiated
to the divisor KX/Y := KX − f
∗KY . An algebrai ber spae is a surjetive morphism
f : X −→ Y between smooth projetive varieties with onneted bers.
2.2. Volumes, big divisors and base loi. Reall that the volume of a line bundle
(see [L1, 2.2.C℄ for a detailed aount on the properties of this invariant) is the number
volX(D) := lim sup
m→+∞
h0(X,mD)
mn/n!
It is atually a limit, and we have vol(mD) = mdim(X) vol(D). Therefore one an dene
the volume of a Q-divisor D as vol(D) := m− dim(X) vol(mD), where m is an integer suh
that mD is integral. The volume is invariant by pull-bak via a birational morphism.
Moreover we have that vol(D) > 0 if and only if D is big, and vol(D) = Ddim(X) for nef
divisors. For a singular variety Y , we denote by vol(KY ) the volume of the anonial
divisor of a desingularization Y ′ → Y (whih does not depend on the hoie of Y ′).
If V is a subvariety of X , following [ELMNP2℄ one denes the restrited volume as :
volX|V (A) := lim sup
m→+∞
h0(X|V,mA)
md/d!
where
h0(X|V,mA) := dim Im(H0(X,mA)→ H0(V,mA|V )).
Again, it is a limit, and we have that volX|V (mD) = m
dim(V ) volX|V (D) (see [ELMNP2,
Cor. 2.15 and Lemma 2.2℄ ).
We will onstantly use Kodaira's lemma : a Q-divisor D is big if and only if D ∼Q
A+ E, where A is a Q-ample divisor and E a Q-eetive one.
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If |T | is a linear system on X , its base lous is given by the sheme-theoreti interse-
tion
Base(|T |) :=
⋂
L∈|T |
L.
Reall that given a Cartier divisor L on a variety X , its stable base lous (see [L1, pp.
127128℄) is
B(L) :=
⋂
m≥1
Base(|mL|)
and its augmented base lous, whih has been dened in [ELMNP1℄, is
B+(L) := B(mL−H)
for m ≫ 0 and H ample on X (the latter denition is independent of the hoie of m
and H). One heks that L is ample if, and only if, B+(L) = ∅, and L is big if, and
only if, B+(L) 6= X . In the latter ase, X \B+(L) is the largest open set on whih L is
ample.
2.3. Iitaka bration. We follow [L1, 2.1.A and 2.1.C℄. Let L be a line bundle on a
projetive variety X . The semigroup N(L) of L is
N(L) := {m ≥ 0 : h0(X,mL) 6= 0}.
If N(L) is not zero, then there exists a natural number e(L), alled the exponent of
L, suh that all suiently large elements in N(L) are multiples of e(L). If κ(X,L) =
κ ≥ 0, then dim(ϕm,L(X)) = κ for all suiently large m ∈ N(L). Iitaka's result is the
following.
Theorem 2.1 (Iitaka brations, see [L1℄, Theorem 2.1.33, or [Mo℄). Let X be a nor-
mal projetive variety and L a line bundle on X suh that κ(X,L) > 0. Then for all
suiently large k ∈ N(L) there exists a ommutative diagram
(2.1) X
ϕk,L




X∞,L
ϕ∞,L

u∞
oo
Im(ϕk,L) Iitaka(X,L)vk,L
oo_ _ _
where the horizontal maps are birational. One has dim(Iitaka(X,L)) = κ(X,L). More-
over if we set L∞ = u
∗
∞L and F is the very general ber of ϕ∞,L, we have κ(F, L∞|F ) = 0.
We will deal only with the ase L = KX , and simply write Iitaka(X) := Iitaka(X,KX).
Sine the Iitaka bration is determined only up to birational equivalene, and the ques-
tions we are interested in are of birational nature, we will often taitly assume that
Iitaka(X) is smooth, and that we have an algebrai ber spae X −→ Iitaka(X). Notie
that as a onsequene of the nite generation of the anonial ring proved in [BCHM℄ we
have that, for large m, the images of the plurianonial maps ϕmKX are all isomorphi
to Proj(
⊕
m≥0H
0(X,mKX)).
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2.4. Multiplier ideals. If D is an eetive Q-divisor on X one denes the multiplier
ideal as follows :
I (X,D) := µ∗OX′(KX′/X − [µ
∗D])
where µ : X ′ → X is a log-resolution of (X,D).
Notie that if D is a Q-divisor with simple normal rossings, then I (X,D) =
OX(−[D]). If D is integral we simply have
(2.2) I (X,D) = OX(−D).
Again, we refer the reader to Lazarsfeld's book [L2℄ for a omplete treatment of the
topi. We now reall Nadel's vanishing theorem.
Theorem 2.2 (see [L2, Theorem 9.4.8℄). Let X be a smooth projetive variety. Let D
be an eetive Q-divisor on X, and L a divisor on X suh that L − D is big and nef.
Then, for all i > 0, we have
H i(X,I (X,D)⊗ OX(KX + L)) = 0.
2.5. Singularities of pairs and Non-klt loi. Reall that, in the literature, a pair
(X,D) is a normal variety together with a Q-Weil divisor suh that KX +D is Cartier.
In this paper the situation is muh simpler : the variety will always be smooth and the
divisor will be an eetive Cartier divisor. A pair (X,D) is Kawamata log-terminal, klt
for short, (respetively non-klt) at a point x, if
I (X,D)x = OX,x (respetively I (X,D)x 6= OX,x).
A pair is klt if it is klt at eah point x ∈ X . A pair (X,D) is log-anonial, l for short,
at a point x, if
I (X, (1− ε)D)x = OX,x for all rational number 0 < ε < 1.
A pair is l if it is l at eah point x ∈ X (for a survey on singularities of pairs and many
related resuts, see [Ko2℄). We set
Non-klt(X,D) := Supp(OX/I (X,D))reduced
and all it the Non-klt lous of the pair (X,D).
A simple though extremely useful way of produing example of non-klt pairs is to
onsider divisors having high multipliity at a given point, sine we have [L2, Proposition
9.3.2℄
(2.3) multx(D) ≥ dim(X)⇒ I (X,D)x 6= OX,x.
Notie that if D =
∑
aiDi is an eetive Q-divisor with simple normal rossings, the
pair (X,D) is klt (respetively l) if, and only if, ai < 1 (resp. ai ≤ 1). We reall
two fundamental results desribing the eet of small perturbations of D on its Non-klt
lous.
Lemma 2.3. Let X be a smooth projetive variety, x1 and x2 two distint points on X,
and D an eetive Q-divisor suh that (X,D) is l at x1 and non-klt at x2. Let V be
an irreduible omponent of Non-klt(X,D) passing through x1. Let B ∼Q A + E be a
big divisor on X, with A Q-ample and E Q-eetive suh that x1, x2 6∈ Supp(E). Then
there exists an eetive divisor F ∼Q B and, for any arbitrarily small rational δ > 0,
there exists a unique rational number bδ > 0 suh that:
(1) (X, (1− δ)D + bδB) is l at x1;
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(2) (X, (1− δ)D + bδB) is non-klt at x2;
(3) All the irreduible omponents of Non-klt(X, (1 − δ)D + bδB) ontaining x1 are
ontained in V .
Moreover lim infδ−→0 bδ = 0.
Proof. See e.g. [Pa, Lemma A.3℄. The reader may also look at [L2, Lemma 10.4.8℄ and
[Ko2, Th. 6.9.1℄. 
Lemma 2.4. Let X be a smooth projetive variety and D an eetive Q-divisor. Let
V be an irreduible omponent of Non-klt(X,D) of dimension d. There exists a dense
subset U in the smooth lous of V and a rational number ε0 : 0 < ε0 < 1 suh that, for
any y ∈ U , any eetive Q-divisor B whose support does not ontain V and suh that
multy B|V > d
and any rational number ε : 0 < ε < ε0, the lous Non-klt(X, (1− ε)D +B) ontains y.
If moreover (X,D) is l at the generi poit of V and I (X,D + B) = I (X,D) away
from V , then Non-klt(X, (1− ε)D +B) is properly ontained in V in a neighborhood of
any y ∈ U .
Proof. See e.g. [Pa, Lemma A.4℄. Again, for similar statements, see [L2, Lemma 10.4.10℄
and [Ko2, Th. 6.8.1℄. 
3. Positivity results for diret images
In this setion we ollet results onerning some positivity properties of the diret
image of the relative dualizing sheaf that we will use.
3.1. The semistable part and a anonial bundle formula. We reall results on-
tained in [FM, 2 and 4℄. Let f : X −→ Y an algebrai ber spae, whose generi ber F
has Kodaira dimension zero. Let b be the smallest integer suh that the b-th plurigenus
h0(F, bKF ) of F is non-zero. Then there exists a divisor LX/Y on Y (whih is unique
modulo linear equivalene, and whih depends only on the birational equivalene lass
of X over Y ) suh that, up to birationally modify X , we have
(3.1) H0(Y, ibKY + iLX/Y ) = H
0(X, ibKX)
for all i > 0 (the divisor LX/Y is dened by the double dual f∗OX(ibKX/Y )
∗∗
). Moreover
the divisor LX/Y may be written as
(3.2) LX/Y = L
ss
X/Y +∆
where LssX/Y is aQ-Cartier divisor, alled the semistable part or the moduli part (whih is
ompatible with base hange), and ∆ is an eetive Q-divisor alled the boundary part.
The divisor LX/Y oinides with its moduli part when f is semistable in odimension 1,
and
(3.3) LssX/Y is nef.
The previous results (3.1), (3.2) and (3.3) are ontained in Proposition 2.2, Corollary
2.5 and Theorem 4.5 (iii) of [FM℄. The reader may also look at [Ko3℄ and [Mo, 4-5℄.
For our appliation it is important to bound the denominators of LssX/Y . Let B denote
the Betti number Bdim(E′) of a non-singular model E
′
of the over E → F of the general
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ber F assoiated to the unique element of |bKF |. By [FM, Theorem 3.1℄ there exists a
positive integer r = r(B) suh that
(3.4) r · LssX/Y is an integral divisor.
3.2. Maximal variation and bigness of the semistable part. Let f : X −→ Y be
an algebrai ber spae. Reall that the variation of f is an integer Var(f) suh that
there exists a ber spae f ′ : X ′ −→ Y ′ with dim(Y ′) = Var(f), a variety Y¯ , a generially
surjetive morphism ̺ : Y¯ −→ Y ′ and a generially nite morphism π : Y¯ −→ Y suh
that the two ber spaes indued by ̺ and by π respetively are birationally equivalent.
The bration f has maximal variation if Var(f) = dim(Y ). Equivalently, f : X → Y
has maximal variation if there exists a non-empty open subset U ⊂ Y suh that for any
y0 ∈ U the set {y ∈ U : f
−1(y) ∼
birational
f−1(y0)} is nite. As proved by Fujino ([Fuj,
Theorem 3.8℄), we always have
(3.5) κ(Y, LssX/Y ) ≤ Var(f).
On the other hand, by a result due to Kawamata [Ka2, Theorem 1.1℄, if the generi ber
of f : X −→ Y possesses a good minimal model (i.e. a minimal model whose anonial
divisor is semiample), then
(3.6) κ(Y, LssX/Y ) ≥ Var(f).
In partiular, we have
Corollary 3.1 (Kawamata). Let f : X −→ Y be an algebrai ber spae that has
maximal variation and suh that the generi ber has a good minimal model. Then
LssX/Y is big.
Fujino's inequality (3.5) implies that the maximality of the variation is a neessary
ondition for the bigness of LssX/Y .
3.3. Weak positivity. Viehweg introdued the notion of weak positivity for torsion-
free oherent sheaf E on a projetive variety V : if V0 is the largest open subset on whih
E is loally free, the sheaf E is weakly positive if there exists a open dense subset U
of V0 suh that for any ample divisor H on V and any positive integer a, there exists
a positive integer b suh that the sheaf (Symab E |V0)(bH|V0) is generated on U by its
global setions on V0 (see [Vie2℄ for a detailed disussion of this notion). We will make
use of the following positivity result for diret images, due to Campana [Ca, Theorem
4.13℄, whih improves on previous results obtained by Kawamata [Ka1℄, Kollár [Ko1℄
and Viehweg [Vie1℄ (see also [Lu, Proposition 9.8℄).
Theorem 3.2 (Campana). Let f : V ′ → V be a morphism with onneted bres between
smooth projetive varieties. Let ∆ be an eetive Q-divisor on V ′ whose restrition to
the generi bre is l and has simple normal rossings. Then, the sheaf
f∗OV ′(m(KV ′/V +∆))
is weakly positive for all positive integer m suh that m∆ is integral.
Notie that a loally free sheaf is weakly positive if, and only if, it is pseudo-eetive.
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4. Extension of log-plurianonial forms
In the ourse of the proof of Theorem 1.3 we will need to lift (twisted) plurianonial
forms on a smooth hypersurfae to the ambient variety.
First, we reall Takayama's extension result [T, Theorem 4.5℄ (f. [HM, Corollary 3.17℄
for the orresponding result, whih is a generalization of a former result of Kawamata's
[Ka3℄).
Theorem 4.1 (Takayama). Let Y be a smooth projetive variety. Let H ⊂ Y be a
smooth irreduible hypersurfae. Let L′ ∼Q A
′ + E ′ a big divisor on Y with
• A′ a nef and big Q-divisor suh that H 6⊂ B+(A
′);
• E ′ an eetive Q-divisor whose support does not ontain H and suh that the
pair (H,E ′|H) is klt.
Then the restrition
H0(Y,m(KY +H + L
′)) −→ H0(H,m(KH + L
′|H))
is surjetive for all integer m ≥ 0.
The preise statement we need is the following.
Corollary 4.2. Let Y be a smooth projetive variety, M an eetive and nef integral
Cartier divisor on Y . Let H ⊂ Y be a smooth irreduible hypersurfae suh that H 6⊂
Supp(M). Let L ∼Q A+ E a big divisor on Y with
• A a nef and big Q-divisor suh that H 6⊂ B+(A);
• E an eetive Q-divisor whose support does not ontain H and suh that the pair
(H,E|H) is klt.
Then the restrition
H0(X,m(KY +M +H + L)) −→ H
0(H,m(KH +M |H + L|H))
is surjetive for all integer m ≥ 0.
For other extension results, all inspired by [S2℄, the reader may look at [C℄, [P ℄ and
[Var℄.
Proof of Corollary 4.2. We want to apply Theorem 4.1 to L′ = M + L. We an write
M + L = (A +M) + E = (big and nef) + eetive,
as M is nef. The only thing to hek is that
H 6⊂ B+(A+M),
assuming H 6⊂ B+(A). But this is immediate, sine by the nefness of M we have
B+(A+M) ⊂ B+(A)
and we are done. 
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5. Bounding the restrited volumes from below
It is well-known to speialists that a positive lower bound to the restrited volumes
of a big divisor A on a variety X allows to onstrut, along the lines of the Angehrn-Siu
proof of the Fujita onjeture, a global setion of KY +A separating two general points
on X (f. [T, Proposition 5.3℄ and [ELMNP1, Theorem 2.20℄). Suh a lower bound is
the objet of the following result.
Theorem 5.1. Let Y be a smooth projetive variety, M an eetive and nef integral
Cartier divisor on Y , and V ⊂ Y be an irreduible subvariety not ontained in the
support of M . Let L be a big divisor on Y and L ∼Q A+E a deomposition suh that :
(i) A is an ample Q-divisor ;
(ii) E is an eetiveQ-divisor suh that V is an irreduible omponent of Non-klt(Y,E)
with (Y,E) l at the general point of V .
Then : volY |V (KY +M + L) ≥ vol(KV +M |V ).
The proof of the theorem is a fairly easy onsequene of the extension result 4.2
when codim(V ) = 1. In the general ase, it also requires, among other things, the
use of Campana's weak positivity result 3.2. Using the log-onavity property of the
restrited volume, established in [ELMNP2℄, we dedue from Theorem 5.1 the following
onsequene whih will be the key ingredient in the indutive proof of Theorem 6.2.
Corollary 5.2. Let Y be a smooth projetive variety. Let M ′ be an eetive and nef
integral Cartier divisor on Y and V ⊂ Y an irreduible subvariety not ontained in the
support of M ′. Let L be a big divisor on X and L ∼Q A+E a deomposition suh that :
(i) A is an ample Q−divisor ;
(ii) E is an eetiveQ−divisor suh that V is an irreduible omponent of Non-klt(Y,E)
with (Y,E) l at the general point of V ;
(iii) KY + L is big and V 6⊂ B+(KY + L).
Then, for any positive integer ν, we have
volY |V (KY +
1
ν
M ′ + L) ≥
1
νdim(V )
vol(KV +
1
ν
M ′|V ).
Proof. Write
KY +
1
ν
M ′ + L =
1
ν
(KY +M
′ + L) + (1−
1
ν
)(KY + L).
By (iii), thanks to the log-onavity property of the restrited volume proved in [ELMNP2,
Theorem A℄ we have
volY |V (KY +
1
ν
M ′ + L)1/d ≥
1
ν
volY |V (KY +M
′ + L)1/d + (1−
1
ν
) volY |V (KY + L)
1/d,
where d = dim(V ). Therefore, by Theorem 5.1, we obtain
volY |V (KY +
1
ν
M ′ + L)1/d ≥
1
ν
vol(KV +M
′|V )
1/d ≥
1
ν
vol(KV +
1
ν
M ′|V )
1/d
and the orollary is proved. 
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Remark 5.3. We will apply Corollary 5.2 to the base Y of the bration f : X −→ Y
and to (multiples of) a divisor L = KY + αL
ss
X/Y , where α will be a ertain positive
rational number. The pseudo-eetivity of KY that appears among the hypotheses of
Theorem 1.3 is therefore needed here to insure the bigness of the sum KY + L that
appears in Corollary 5.2, hypothesis (iii).
In the following two subsetions we prove Theorem 5.1.
5.1. The ase codimY (V ) = 1. Hypothesis (ii) simply means that V appears with
multipliity 1 in E. We may therefore take a modiation µ : Y ′ → Y suh that the
strit transform V ′ of V is smooth, µ∗E = V ′ + F has simple normal rossings and
moreover
(5.1) V ′ 6⊂ Supp(F ).
Take an integer m0 > 0 suh that m0(µ
∗A+ {F}) has integer oeients. By (5.1) the
support of this divisor does not ontain V ′, so we have an inlusion
(5.2) H0(V ′, m(KV ′ + µ
∗M |V ′))

 _

H0(V ′, m(KV ′ + µ
∗M |V ′ + (µ
∗A + {F})|V ′))
for any integer m > 0 divisible by m0. Sine the pair (Y
′, {F}) is klt, applying the
extension result 4.2 to the divisor µ∗A + {F}, and observing that µ∗L − [F ] = V ′ +
µ∗A+ {F}, we get a surjetion
(5.3) H0(Y ′, m(KY ′ + µ
∗M + µ∗L− [F ]))


H0(V ′, m(KV ′ + µ
∗(M)|V ′ + (µ
∗A+ {F})|V ′)).
In onlusion we have
h0(V,m(KV +M |V )) = h
0(V ′, mKV ′ + µ
∗M |V ′)
( (5.2) + (5.3) ) 6 h0(Y ′|V ′, m(KY ′ + µ
∗M + µ∗L− [F ]))
6 h0(Y ′|V ′, m(KY ′ + µ
∗M + µ∗L))
= h0(Y |V,m(KY +M + L))
so Theorem 5.1 is proved in this ase.
5.2. The ase codimY (V ) ≥ 2. We follow here Debarre's presentation [D, 6.2℄. We
may assume V smooth (see [T, Lemma 4.6℄). Take a log-resolution µ = Y ′ → Y of E,
and write
µ∗E −KY ′/Y =
∑
F
aFF.
By hypothesis V is an irreduible omponent of Non-klt(Y,E) suh that (Y,E) is l at
the general point of V . This means that
• if V is stritly ontained in µ(F ), then aF < 1 ;
• if V = µ(F ), then aF ≤ 1, with equality for at least one F .
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Thanks to the so-alled onentration method due to Kawamata and Shokurov (see
[KMM, 3-1℄, and [T, Lemma 4.8℄) one an further assume that there exists a unique
divisor (whih will be denoted by V ′) among the F 's suh that µ(V ′) = V . Therefore
we have the ommutative diagram of smooth varieties :
(5.4) V ′
f

//

/ Y ′
µ

V //
  / Y.
We set G :=
∑
F 6=V ′ aFF , and write [G] as a dierene of eetive divisors without
ommon omponents [G] = G1 −G2 so that :
• G2 is µ-exeptional ;
• V 6⊂ µ(Supp(G1)).
Hene, for any integer m > 0, the sheaf µ∗OY ′(−m[G]) is an ideal sheaf on Y whose
osupport does not ontain V , so that
H0(Y,m(KY +M + L)) ⊃ H
0(Y, µ∗OY ′(−m[G])(m(KY +M + L)))(5.5)
∼= H0(Y ′, m(µ∗(KY +M + A+ E)− [G]))
∼= H0(Y ′, m(KY ′ + µ
∗M + V ′ + {G}+ µ∗A)),
as soon as the divisors on the right-hand side are integral. Sine the pair (V ′, {G}|V ′) is
klt, we an apply the extension result Corollary 4.2 to the divisor
L′ := µ∗L−KY ′/Y − V
′ − [G] ∼Q {G}+ µ
∗A
and to the smooth hypersurfae V ′ ⊂ Y ′. Hene we get a surjetion
H0(Y ′, m(KY ′ + µ
∗M + V ′ + {G}+ µ∗A))։ H0(V ′, m(KV ′ + µ
∗(M)|V ′ + L
′|V ′)).
The last surjetion together with the injetion (5.5) and, again, the fat that the osup-
port of µ∗OY ′(−m[G]) does not ontain V , leads to the inlusion :
(5.6) H0(V ′, m(KV ′ + µ
∗(M)|V ′ + L
′|V ′)) ⊂ H
0(Y |V,m(KY +M + L)).
On the other hand, thanks to Campana's theorem 3.2, one an show that for a suitable
positive integer m′ we have :
H0(V ′, m′(KV ′/V + {G}|V ′ + f
∗A|V )) 6= 0
(see [D, pages 17-18℄). Hene we obtain by multipliation an injetion
H0(V,mm′(KV +M |V )) →֒ H
0(V ′, mm′(KV ′ + f
∗(M |V ) + L
′|V ′)).
The last inlusion, together with (5.6) and the fat that the restrited volumes are limits
omplete the proof of Theorem 5.1. ✷
6. Point separation for big pluriadjoint systems
From Theorem 1.3 it is easy to dedue the existene of a uniform positive lower bound
on the volume of big adjoint linear systems KY +M with M nef.
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Corollary 6.1. For any positive integers n and ν, any smooth omplex projetive variety
Y of dimension n and any big and nef Q-divisor M with ν ·M integral, and suh that
KY +M is big, we have :
vol(KY +M) ≥
1
(ν ·mn,ν)n
where mn,ν is as in Theorem 1.3.
Proof. Let mn,ν be as in Theorem 1.3. Let m = ν ·mn,ν. Let µ : Y
′ → Y be the blow-up
along the base lous of |m(KY +M)|. Then we an write
µ∗m(KY +M) = |G|+ F,
where |G| is the base-point-free part, and F is the xed part. In partiular G is nef, so
vol(G) = Gn. In onlusion we have :
vol(KY +M) =
vol(µ∗m(KY +M))
mn
≥
1
mn
vol(G)(6.1)
=
1
mn
Gn =
1
mn
deg ϕ|G|(Y
′) ≥
1
mn
.

On the other hand we will see that a sort of onverse to Corollary 6.1 is true. Namely,
assuming the existene of suh a lower bound in dimension < n, we will determine an
eetive multiple of KY +M whih is birational. The multiple will still depend on its
volume but in a very preise way, suient to derive Theorem 1.3.
Theorem 6.2. Let n and ν be positive integers. Suppose there exists a positive onstant
v suh that, for any smooth projetive variety V of dimension < n with pseudo-eetive
anonial divisor, and any big and nefQ-Cartier divisor N on V suh that νN is integral,
we have vol(KV + N) ≥ v. Then, there exists two positive onstants a := an,ν and
b := bn,ν suh that, for any smooth projetive variety Y of dimension n with pseudo-
eetive anonial divisor, and any big and nef Q-Cartier divisor M on Y suh that νM
is integral, the rational pluriadjoint map
ϕm(KY +M) : Y 99K PH
0(Y,OY (m(KY +M)))
∗
is birational onto its image, for all
m ≥ a+
b
vol(KY +M)1/n
suh that mM is integral.
6.1. Proof of Theorem 6.2. The proof follows the approah adopted by Angehrn and
Siu [AS℄ in their study of the Fujita onjeture (see also [Ko2, Theorem 5.9℄), with the
variations appearing in [HM℄, [T℄ and [Ts1℄,[Ts2℄ to make it work for big divisors, and
it is based on the following appliation of Nadel's vanishing theorem.
Lemma 6.3. Let Y be a smooth projetive variety. Let M (respetively E) be a big and
nef (resp. a pseudo-eetive)Q-divisor. Let x1, x2 be two points outside the support of E.
Suppose there exists a positive rational number t0 suh that the divisor D0 ∼ t0(M +E)
satises the following:
(i) x1, x2 ∈ Non-klt(Y,D0);
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(ii) x1 is an isolated point in Non-klt(Y,D0).
Then, for all integer m ≥ t0 + 1 suh that (m − 1)E +mM is integral, there exists a
setion s ∈ H0(Y,KY + (m− 1)E +mM) suh that s(x1) 6= 0 and s(x2) = 0.
Proof. Take any integer m ≥ t0 + 1 suh that (m− 1)E +mM is integral. Notie that
D0 + (m− t0 − 1)E
is an eetive Q-divisor, and that
(m− 1)E +mM − (D0 + (m− t0 − 1)E) = (m− t0)M
is a Q-divisor whih is big and nef. Hene by Nadel's vanishing theorem 2.2 we have:
H1(Y,I (Y,D0 + (m− t0 − 1)E)⊗OY (KY + (m− 1)E +mM)) = 0.
Set
V0 := Non-klt(Y,D0 + (m− t0 − 1)E)
and onsider the short exat sequene of V0 ⊂ Y :
0 −→ I (Y,D0 + (m− t0 − 1)E) −→ OY −→ OV0 −→ 0.
Tensoring it with OY (KY + (m − 1)E + mM), and taking ohomology, we thus get a
surjetion:
H0(Y,KY + (m− 1)E +mM)։ H
0(V0, (KY + (m− 1)E +mM)|V0).
Notie that as the points x1, x2 lie outside the support of E, around them we have
Non-klt(Y,D0) = Non-klt(Y,D0 + (m− t0 − 1)E),
that is, V0 still ontains x1, x2, the former as an isolated point. In partiular, there exists
a setion
s ∈ H0(Y,KY + (m− 1)E +mM)
suh that
s(x1) 6= 0 and s(x2) = 0.

Using (2.3) it is easy to onstrut a rational multiple of the big divisor KY + M
satisfying the ondition (i) above. The main problem is that its Non-klt lous may well
have positive dimension at x1. We will then proeed by desending indution and use
the lower bound on the restrited volumes proved in Corollary 5.2, in order to ut down
the dimension of the Non-klt lous at x1 and end up with a divisor D0 ∼ t0(KY +M),
with t0 < a+ b/(vol(KY +M))
1/n
and satisfying both hypotheses of Lemma 6.3. In the
ourse of the proof we will invoke the following elementary result.
Lemma 6.4. Let Y be a smooth projetive variety, and M an eetive Q-divisor suh
that KY +M is big. Let V be a subvariety passing through a very general point of Y
and ϕ : V ′ → V a desingularization. Then the Q-divisor KV ′ + ϕ
∗M is big.
Proof. Thanks to the existene of the Hilbert sheme we may assume there exists a
smooth family V → B and a nite surjetive morphism Φ : V → Y suh that its
restrition to the general ber gives ϕ : V ′ → V . Take an integer m > 0 suh that
mM is integral. Sine Φ is nite, and Φ∗|m(KY +M)| ⊂ |m(KV + Φ
∗M)|, the divisor
KV + Φ
∗M is big, and so is its restrition to the general ber over B. But the normal
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bundle of any ber in the family is trivial, so by adjuntion we have (KV )|V ′ = KV ′ and
we are done. 
Proof of Theorem 6.2. The proof follows the Angehrn-Siu approah, as in the aseM = 0
that was onsidered in [HM℄, [T℄ and in [Ts1℄, [Ts2℄. We will proeed by desending in-
dution on d ∈ {1, . . . , n} to produe an eetive Q−divisor Dd ∼ td(KY + M) suh
that :
(1) x1, x2 ∈ Non-klt(Y,Dd);
(2) (Y,Dd) is l at a non-empty subset of {x1, x2}, say at x1;
(3) Non-klt(Y,Dd) has a unique irreduible omponent Vd passing through x1 and
dimVd ≤ d;
(4) td < td+1 + vd+1 with vd+1 = ν(d + 1)(2/v
′)1/(d+1)(td+1 + 2) + ε, where v
′ ∈
{v, vol(KY +M)} and ε > 0 may be taken arbitrarily small.
(We set tn = 0). Take two very general points x1 and x2 on Y . Preisely, they must
be outside the augmented base lous of KY + M , the support of the eetive divisor
E in the Kodaira deomposition of KY + M ∼Q A + E, the sub-lous of Y overed
by the images of P1, and the union of all the log-subvarieties of the pair (Y,M) whih
are not of log-general type (i.e. subvarieties Z of Y not ontained in M and suh that
KZ′ + ν
∗M is not big, where ν : Z ′ → Z is any desingularization on Z). As in the
rst step of the Angehrn-Siu proof, thanks to the bigness of KY +M , we an pik an
eetive Q-divisor Dn−1 ∼ tn−1(KY +M) whih has multipliity > n at both points, as
soon as tn−1 ≤ n2
1/n vol(KY +M)
−1/n + ε (with ε > 0 arbitrarily small). Indeed having
multipliity ≥ r at x1 and x2 imposes 2
(
n+r−1
n
)
∼ 2 r
n
n!
onditions. On the other hand,
for m≫ 0 suh that [mvn]M is integral, the dimension of H
0(Y, [mvn](KY +M)) grows
as vol(KY +M)
[mvn]n
n!
so we have
vol(KY +M)
[mvn]
n
n!
>
2mnnn
n!
as soon as vn := n
(
2/ vol(KY +M)
)1/n
+ ε (with ε > 0 arbitrarily small). In partiular,
by (2.3), we get that Non-klt(Y,Dn−1) ∋ x1, x2 and, up to multiplying by a positive
rational number ≤ 1, we an assume that (Y,Dn−1) is l at one of the two points, say at
x1. Also, up to performing an arbitrarily small perturbation of Dn−1, thanks to Lemma
2.3, we may assume there exists a unique irreduible omponent of Non-klt(Y,Dn−1)
through x1. The base of the indution is therefore ompleted.
For the indutive step we proeed as follows. Suppose that we have onstruted an
eetive Q-divisor Dd ∼ td(KY +M) satisfying onditions (1), (2), (3) and (4) above.
Suppose for simpliity that Dd is nklt at x2 and l at x1 (the other two possibilities,
whih are treated in the same way, but render the disussion more ompliated, are
disussed in details in [Pa, A.3℄, when M = 0. The general ase an be treated in the
same way). Also, we may assume that x1 is a non-singular point of Non-klt(Y,Dd) (if
not, a limiting proedure desribed in [L2, 10.4.C℄ allows to onlude). Sine the points
lie outside the support of E the same is true for (Y,Dd + tE), where t := [td] + 1 − td.
Sine KY is pseudo-eetive, adding to it any positive multiple of KY +M we still get
a big divisor. Therefore we apply Corollary 5.2 to the divisors
L := ([td] + 1)(KY +M) ∼ tA+ (Dd + tE) and M
′ := νM
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and get
volY |Vd(KY +M + L) = ([td] + 2)
d volY |Vd(KY +M) ≥
1
νd
vol(KVd +M |Vd)
where Vd is the irreduible omponent of Non-klt(Y,Dd + tE) through x1. Sine x1 is
general, Vd annot be ontained in M . Moreover, always by generality of x1 the divisor
KVd+M |Vd is big (see Lemma 6.4), and V annot be uniruled (hene its anonial divisor
is pseudo-eetive, by [BDPP℄). Then, using the hypothesis, we have
vol(KVd +M |Vd) ≥ v.
Now, we want to add to Dd an eetive Q-divisor of the form vd(KY +M) whih has
multipliity > d at x1, but hosen among those restriting to a non-zero divisor on Vd.
Preisely, for small rational δ > 0, we add to (1− δ)Dd a divisor G equivalent to
(d(2/ volY |Vd(KY +M))
1/d + ε)(KY +M)
(whih is ≤ (νd(2/v)1/d(td + 2) + ε)(KY +M) by Corollary 5.2), Using Lemma 2.4, we
get a divisor Dd−1 ∼ td−1(KY +M) with
td−1 ≤ td + νd(2/v)
1/d(td + 2) + ε
and suh that its Non-klt lous ontains x1, x2. Moreover G an be hosen suh that the
new divisor Dd−1 is klt around x1 outside the support of G|Vd, i.e.
Non-klt(Y,Dd−1) has dimension at x1 stritly lower than dim(Vd).
Again, multiplying Dd−1 by a rational number ≤ 1 and applying Lemma 2.3, also on-
ditions (2) and (3) are satised. The indutive step is thus proved.
In onlusion, we have obtained an eetive Q-divisor D0 ∼ t0(KY +M) with
t0 < a
′
n,ν + b
′
n,νtn−1 ≤ a
′
n,ν + b
′
n,νn(2/ vol(KY +M))
1/n
whose Non-klt lous ontains x1 as an isolated point, and x2. Therefore, by Lemma 6.3,
we dedue the existene of a global setion
s ∈ H0(Y,KY + (m− 1)KY +mM) = H
0(Y,m(KY +M))
separating the two points, for all m > a′n,ν+b
′
n,νn(2/ vol(KY +M))
1/n
divisible by ν. 
6.2. Proof of Theorem 1.3.
Proof of Theorem 1.3. The proof is by indution on the dimension of the varieties. The-
orem 1.3 holds for n = 1. Suppose it holds for n− 1. From Corollary 6.1 we dedue the
existene of a positive lower bound :
vol(KV +N) ≥ vn−1,ν
for all pairs (V,N) where V is a smooth projetive variety of dimension ≤ n− 1, and N
is a big and nef Q-divisor on V suh that νN is integral. In partiular the hypotheses
of Theorem 6.2 are fulllled. Notie that here we use in a ruial way the hypothesis
that the denominators of the N 's are bounded. Otherwise the righthand side in the
inequality (6.1), whih is 1/mn, with m divisible by ν, would go to zero for ν −→ +∞.
Consider the pairs (Y,M), where Y is n-dimensional andM is a big and nef Q-divisor
suh that νM is integral. For those suh that volume of KY +M is bounded from below,
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say vol(KY +M) ≥ 1, then Theorem 6.2 implies that |m(KY +M)| separates points,
for all
m > a + b ≥ a+ b/ vol(KY +M)
1/n.
suh that m is divisible by ν. For those suh that vol(KY +M) < 1, then a priori the
quantity a + b/ vol(KY + M)
1/n
may still be arbitrarily large. This does not our :
using Theorem 6.2 and projeting down, we have that the variety Y is birational to a
subvariety of P2n+1 of degree :
≤
(
a +
b
vol(KY +M)1/n
)n
vol(KY +M)
=
(
a vol(KY +M)
1/n + b
)n
≤ (a+ b)n.
Suh varieties are parametrized by an algebrai variety (the Chow variety), so thanks
to the Lemma 6.5 below, the volumes of KY + M are also bounded from below by a
positive onstant cn,ν (whih is not eetive!). Hene we may take
mn,ν := [1 + a+ b/c
1/n
n,ν ]
and we onlude that the plurianonial system |m(KY + M)| separates two general
points for all m ≥ mn,ν divisible by ν. 
Lemma 6.5 (see [T℄, Lemma 6.1). Consider the Chow variety
Chow := ∪d≤dnChown,dn(P
2n+1).
Let T = ∪iT be the Zariski losure of those points in Chow. For any i, we have
inf{vol(KYt +Mt) : t ∈ Ti and KYt +M is big} > 0.
Proof. It is of ourse suient to prove the statement for one T = Ti. We argue by
indution on dim(T ). If the dimension is zero, there is nothing to prove. Suppose
dim(T ) > 0. We onsider the universal family U → T and U˜ → U a desingularization,
together with a line bundle whose restrition to a smooth ber is KYt +Mt . Let T
o ⊂ T
be the open subset over whih the indued map p : U˜ → T is smooth. Let S ⊂ T be
the Zariski dense subset whose points orrespond to varieties with KYt +Mt big. The
S ∩ T o is also dense. By onstrution, for any s ∈ S ∩ T o, the ber Y˜s := p
−1(s) is a
smooth variety with KYt +Mt big. By the upper semiontinuity of the h
0
, the same is
true for every ber over T o, and moreover we have inf{vol(KYt +Mt) : t ∈ T
o} > 0. On
the other hand, as for the omplement S ∩ (T \ T o), we invoke the indutive hypothesis
and are done. 
From Theorem 1.3 we dedue our main result.
Proof of Theorem 1.2. Fix n, b and k. Let r := r(k) = max{r(B) : B ≤ k}, where r(B)
is the integer appearing in (3.4) and ν := r · b. Set
m(n, b, k) := max{mdim(Y ),ν : 1 ≤ dim(Y ) ≤ n}
where mdim(Y ),ν is as in Theorem 1.3. Let f : X −→ Y be an algebrai ber spae
verifying the hypotheses of Theorem 1.2. Notie that by (3.1) and (3.2) we have :
(6.2) H0(Y, ibKY + iL
ss
X/Y ) ⊂ H
0(Y, ibKY + iLX/Y ) = H
0(X, ibKX)
for all i > 0 divisible by the integer r. Take M := 1
b
LssX/Y . By (3.3) the Q-divisor M is
nef and by (3.4) the divisor ν ·M is integral. The variety Y is non-uniruled, therefore
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by [BDPP℄ its anonial divisor KY is pseudo-eetive. Notie moreover that, sine by
(3.1) the divisor M is big, we have that KY +M is big. Then, by Theorem 1.3, we get
the birationality of the pluriadjoints maps ϕm(KY +M), for all m ≥ m(n, b, k) divisible
by ν. The inlusion (6.2) yields the desired uniformity result for the Iitaka bration of
X . 
Referenes
[AS℄ U. Angehrn, Y.-T. Siu, Eetive freeness and point separation, Invent. Math. 122 (1995),
291308.
[BCHM℄ C. Birkar, P. Casini, J. MKernan, C. Haon, Existene of minimal models for varieties of
log general type, preprint math.AG/0610203.
[BDPP℄ S. Bouksom, J.-P. Demailly, M. P un, Th. Peternell, The pseudo-eetive one of a ompat
Kähler manifold and varieties of negative Kodaira dimension, preprint math.AG/0405285.
[Ca℄ F. Campana, Orbifolds, speial varieties and lassiation theory. Ann. Inst. Fourier
(Grenoble) 54 (2004), no. 3, 499630.
[C℄ B. Claudon, An extension theorem, preprint math.AG/0511736, to appear in the Ann. Inst.
Fourier.
[D℄ O. Debarre, Systèmes plurianoniques sur les variétés de type général [d'après
Haon-MKernan, Takayama, Tsuji℄, Séminaire BOURBAKI, n. 970, available at
http://www-irma.u-strasbg.fr/∼debarre/970.pdf.
[ELMNP1℄ L. Ein, R. Lazarsfeld, M. Mustaµ , M. Nakayame, M. Popa, Asymptoti invariants of base
loi, Ann. Inst. Fourier. 56 (2006), 17011734.
[ELMNP2℄ L. Ein, R. Lazarsfeld, M. Mustaµ , M. Nakayame, M. Popa, Restrited volumes and asymp-
toti intersetion theory, preprint math.AG/0607221.
[FM℄ O. Fujino, S. Mori, A anonial bundle formula, J. Dierential Geom. 56 (2000), 167188.
[Fuj℄ O. Fujino, Algebrai ber spaes whose general bers are of maximal Albanese dimension,
Nagoya Math. J. 172 (2003), 111127.
[HM℄ C. Haon, J. MKernan, Boundedness of plurianonial maps of varieties of general type,
Invent. Math. 166 (2006), 125, also available as preprint math.AG/0504327.
[Ka1℄ Y. Kawamata, Charaterization of abelian varieties, Compositio Math. 43 (1981), 253272.
[Ka2℄ Y. Kawamata, Minimal models and the Kodaira dimension of algebrai ber spaes, J.
Reine Angew. Math. 363 (1985), 146.
[Ka3℄ Y. Kawamata, On the extension problem of plurianonial forms.Algebrai geometry: Hirze-
bruh 70 (Warsaw, 1998), 193207, Contemp. Math. 241, Amer. Math. So., Providene,
RI, 1999.
[KMM℄ Y. Kawamata, K. Matsuda, K. Matsuki, Introdution to the minimal model problem.
Algebrai Geometry, Sendai, 1985, 283360, Adv. Stud. Pure Math. 10, North-Holland,
Amsterdam-New York, 1987.
[Ko1℄ J. Kollár, Higher diret images of dualizing sheaves, I Annals of Math. 123 (1986), 1142.
[Ko+℄ J. Kollár et al, Flips and abundane for algebrai threefold, Astérique 211, Soiété Mathé-
matique de Frane, Paris, 1992.
[Ko2℄ J. Kollár, Singularities of pairs. Algebrai geometrySanta Cruz 1995, 221287, Pro. Sym-
pos. Pure Math. 62, Part 1, Amer. Math. So., Providene, RI, 1997.
[Ko3℄ J. Kollár, Kodaira's anonial bundle formula and subadjuntion,
Chapter 8 of Flips for 3-folds and 4-folds, A. Corti editor.
Available at http://www.math.oxford.a/∼aorti/flips.pdf.
[L1℄ R. Lazarsfeld, Positivity in algebrai geometry I, Ergebnisse der Mathematik und ihrer
Grenzgebiete 48, Springer-Verlag, Heidelberg, 2004.
[L2℄ R. Lazarsfeld, Positivity in algebrai geometry II, Ergebnisse der Mathematik und ihrer
Grenzgebiete 49, Springer-Verlag, Heidelberg, 2004.
[Lu℄ S. Lu, A rened Kodaira dimension and its anonial bration, preprint math.AG/0211029.
[Mo℄ S. Mori, Classiation of Higher-dimensional Varieties, Proeedings of Symposia in Pure
Mathematis, Volume 47 (1987), 269331.
17
[P ℄ M. P un, Siu's invariane of plurigenera: a one-tower proof, preprint 2005, to appear in J.
Di. Geometry.
[Pa℄ G. Paienza, Plurianonial systems on projetive varieties of general type. Leture notes on
the work of Haon-MKernan, Takayama and Tsuji, written for the Grenoble Summer Shool
2007. Available at http://www-irma.u-strasbg.fr/∼paienza/notes-grenoble.pdf.
[R℄ A. Ringler, On a onjeture of Haon and MKernan in dimension three, preprint
arXiv:0708.3662.
[S1℄ Y.-T. Siu, Invariane of plurigenera, Invent. Math. 134 (1998), 661673.
[S2℄ Y.-T. Siu, Extension of twisted plurianonial setions with plurisubharmoni weight and
invariane of semipositively twisted plurigenera for manifolds not neessarily of general type.
Complex geometry (Göttingen, 2000), 223277, Springer Verlag, Berlin, 2002.
[T℄ S. Takayama, Plurianonial systems on algebrai varieties of general type, Invent. Math.
165 (2006), 551587.
[Ts1℄ H. Tsuji, Plurianonial systems of projetive varieties of general type I, Osaka J. Math. 43
(2006), 967995. Also available as preprint math.AG/990902.
[Ts2℄ H. Tsuji, Plurianonial systems of projetive varieties of general type II, Osaka J. Math.
44 (2007), no. 3, in press. Also available as preprint math.AG/0409318.
[Var℄ D. Varolin, A Takayama-type extension theorem, preprint math.CV/0607323. To appear in
Compositio Math.
[Vie1℄ E. Viehweg, Weak positivity and the additivity of the Kodaira dimension for ertain bre
spaes. Algebrai varieties and analyti varieties (Tokyo, 1981), 329353, Adv. Stud. Pure
Math. 1, North Holland, Amsterdam, 1983.
[Vie2℄ E. Viehweg, Quasi-projetive moduli for polarized manifolds. Ergebnisse der Mathematik
und ihrer Grenzgebiete (3) 30. Springer-Verlag, Berlin, 1995.
[VZ℄ E. Viehweg, D.-Q. Zhang, Eetive Iitaka brations, preprint arXiv:0707.4287.
Gianlua Paienza
Institut de Reherhe Mathématique Avanée
Université L. Pasteur et CNRS
Rue R. Desartes - 67084 Strasbourg Cedex, Frane
E-mail : paienzamath.u-strasbg.fr
18
